
Def. 1:Let 6 CRM be a subset, and let

pzG. The tangent space to 6 at p is:

Tp6
=32 (0)15: (3,5) -6 is differentiable with 210=p3.

Def. 2:The Lie algebra of a matrixgroup
2 cGLn(K) is the tangentspace to 6 at Id.

Notation:g
=g(b) =T, G..

Prop.1 (productrule):If 2, are differentiable

paths, then so is the productpath

(2.)St) =2 (E). B(A), and

(v.)(t) =2(t) .s'(t) +2'(t)-B(t)

Prop. 2:The Lie algebra g ofa matrix

group G 2GLnCK) is a real subspace
ofMnCK).

Def. 3:The dimension ofa matrix
group

6 means the dimension of its Lie algebra.



Lie algebras of the orthogonal groups
The set

an(k) =2A Mn(k) 1 A+1* =03 is denoted dimOn(k)=(2)
- so (n) and called the skew-symmetricdimp so.(k):(2)
matrices ifk=IR

- u(n) and called the skew-hermitian dimp n(n) =n
matrices ifk=K

- su(n) and called the skew-hermitian dime Sun) =n-1

matrices with trace O

- g((n) and equals MuCK) dim g(In)=n2
-st(n) and equals MuCK) with trace 0. dim se(n):n2_1

ofLie Algebras

6(n(IR), SLIR): See p. 76 ofBaker
0(), SO(n): See p. 21,82 ofBaker

u(n), suIn): see p. 83 ofBaker

Lie Algebra vectors as vector fields

Avector field on IR"means a continuous

function F: IR* < IRY

Bypicturing Flu) as a vector drawn at

VEIRY, we thing ofa vector field as

associating a vector to each point ofIR*



Example:Lie Algebra vector ofS0(2)

path: cost-sint
v(t) = sint cost

A =20) =0,

At so(2)
Complexification
Def. Given a finite dimensional

IR-Lie Algebra g, a K-Lie algebra

g'which contains g as an IR-Lie
subalgebra and for which

dimpg':dim,p9 is called a complexification

ofg.

Exercise 1: Prove that the Lie Algebra uh) of U() equals

Span,(i), so dir, (U())=1.

Exercise 2: Show thatsu(2)c = sa(K).


